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We study the interaction between two B = 1 states in the Chiral Dilaton Model where baryons are
described as non-topological solitons arising from the interaction of chiral mesons and quarks. By
using the hedgehog solution for the B = 1 states we construct, via a product ansatz, three possible
B = 2 configurations to analyse the role of the relative orientation of the hedgehog quills in the
dynamics of the soliton-soliton interaction and investigate the behaviour of these solutions in the
range of long/intermediate distance. One of the solutions is quite binding due to the dynamics of
the π and σ fields at intermediate distance and should be used for nuclear matter studies. Since
the product ansatz breaks down as the two solitons get close, we explore the short range distance
regime with a model that describes the interaction via a six-quark bag ansatz. We calculate the
interaction energy as a function of the inter-soliton distance and show that for small separations
the six quarks bag, assuming a hedgehog structure, provides a stable bound state that at large
separations connects with a special configuration coming from the product ansatz.
I. INTRODUCTION
The study of properties of nuclear matter under extreme conditions, at high temperature in relativistic heavy-ion
physics and/or at high density as in compact stars, is one of the most challenging issues in hadronic physics. At
the moment the phase diagram of hadronic matter is far away from being completely defined; in fact the regime of
moderate temperatures and high densities, where the non-perturbative aspects of QCD dominate, seems to present
a rich set of scenarios and phases [1]. Because of the well-known “sign problem” in Lattice QCD [2] one cannot
explore the whole phase space by the direct calculations from the fundamental theory with quark and gluon degrees
of freedom. Only in the last few years, it has become possible to simulate QCD with small baryon density [3]. Chiral
symmetry is a flavour symmetry of QCD which plays an essential role in hadronic physics. At low temperatures and
densities it is spontaneously broken leading to the existence of the pion. Lattice studies seem to imply that chiral
symmetry is restored in the high temperature and/or high baryon density phases and that it may go hand-in-hand
with the confinement/deconfinement transition. The quark condensate 〈q¯q〉 of QCD is an order parameter of this
symmetry that decreases to zero when the symmetry is restored. Thus below the phase transition, we must rely on
effective field theories defined in terms of hadronic fields [4] which include the degrees of freedom and the symmetries
relevant to the energy scale under study to guide the phenomenology of the QCD phase transition. These theories,
so close to the QCD symmetries and their realizations, might be a useful laboratory to explore new phenomena close
to the phase transition [5].
Among these theories, the Skyrme model, an effective low energy theory rooted in large Nc QCD, has been applied
to the dense matter studies [6–12]. The model does not have explicit quark and gluon degrees of freedom, and
therefore one can not investigate the confinement/deconfinement transition directly, but one may study the chiral
symmetry restoration transition which occurs close by. The main ingredient connected with chiral symmetry is
the pion, the Goldstone boson associated with the spontaneously broken phase. The various patterns in which the
symmetry is realized in QCD will be directly reflected in the in-medium properties of the pion and consequently in the
properties of the skyrmions made of it. The classical nature of skyrmions enables one to construct the dense system
quite conveniently by putting more and more skyrmions into a given volume. Then, skyrmions shape and arrange
themselves to minimize the energy of the system. The ground state configuration of skyrmion matter are crystals.
At low density it is made of well-localized single skyrmions [13–15]. At a critical density, the system undergoes a
structural phase transition to a new kind of crystal. It is made of ‘half-skyrmions’ which are still well-localized but
carry only half winding number [15, 16]. To implement the adequate realization of chiral symmetry an additional
degree of freedom, associated to the scale anomaly of QCD, has to be incorporated, the dilaton field χ [17, 18]. The
dilaton field takes over the role of the order parameter for chiral symmetry restoration [8, 10].
Recently, the Chiral-Dilaton Model (CDM), with hadronic degrees of freedom, has been shown to provide a good
description of nuclear physics at densities around ρ0 and to describe the gradual restoration of chiral symmetry at
higher densities [19]. In [20] the authors used this model interpreting the fermions not as nucleons, but as quarks and
applying the Wigner-Seitz approach [21], they showed that the new potential allows to reach densities higher than the
ones obtained in the linear σ-model. The Wigner-Seitz approximation [21], coming from solid state physics, has been
used as a useful tool to mimic a dense system for both non-topological soliton models [22–24], chiral soliton models [24–
227] and also the Skyrme model [28, 29]. The work in the Skyrme model reported above when compared with that
of the Wigner-Seitz approximation shows the limitations of the latter, e.g., long range correlations, implementation
of isospin rotations, etc... We would like ultimately to implement, using the CDM, the dense matter description in
a real volume to understand the role played by the quarks in the phase transitions. As we learned from the Skyrme
investigation the first step is to understand in detail the long distance skyrmion-skyrmion interaction. Therefore, we
present in here a detailed study of the B=2 system in the CDM, as a first step in the attempt to go beyond the
Wigner-Seitz approximation.
When the two solitons are far apart the use of the product ansatz leads to a good description of the interaction
between two solitons which depends on the relative orientation of the hedgehog quills and in the case of the Skyrme
model leading to a suitable description of the required interaction to describe dense matter [9, 10].The main difference
of the present approach with respect to the latter is the inclusion of quark degrees of freedom coupled to non-topological
solutions of the meson fields [30]. The quarks in the product ansatz provide a strong repulsion at short distances
due to the Pauli Principle, i.e. when the two baryons approach each other with hedgehog quantum numbers there are
only three quarks states and therefore the six quarks do not fit into them leading to Pauli blocking. Thus at short
distances we look for another ansatz. The idea is to find a bound state of six quarks where the quarks are excited into
higher lying levels. We use this state, allowing the size to vary, as a variational ansatz for the B = 2 system at short
distances. We match the two solutions at intermediate distances obtaining in a specific channel an approximately 8
MeV bound state.
A more realistic analysis of the B = 2 system in a chiral quark-soliton model has already been performed by Sawado
and collaborators [31, 32]. In these papers the authors provide a numerically solution for the B = 2 system in the
chiral quark soliton model introduced by Diakonov and others [33–35] and they show that the axially symmetric
configuration of meson fields leads to the minimum energy configuration. At this early stage of our inspection of the
phase transitions in skyrmionic matter, the numerical analysis of Sawado is difficult to implement.
The structure of the paper is as follows. In Sec. II we describe model used. In Sec. III we present the calculations
for the B = 2 system in the long/intermediate distance regime. Sec. IV is dedicated to study the short distance
calculation with the six bag ansatz and present the results. Finally, in Sec. V we summarize our findings and present
future outlooks.
II. THE CHIRAL DILATON MODEL
The results presented in this section have already been discussed in detail by ref. [20]. Here the authors studied the
B = 1 solutions of the CDM and besides providing a finite density analysis through the Wigner-Seitz approximation,
they also examined the solitonic solutions of the model in vacuum. We present their development to introduce the
notation and provide all the required background for the description of the B = 2 systems.
The model in ref. [20] is defined by the following lagrangian density [19, 36–39], i.e. a simplified chiral Lagrangian
which contains only chiral fields coupled to quarks,
L = ψ¯[iγµ∂µ − gpi(σ + ipi · τγ5)]ψ + 1
2
(∂µσ∂
µσ + ∂µpi · ∂µpi)− V (σ, π). (1)
The potential is given by:
V (σ,pi) = λ21(σ
2 + pi2)− λ22 ln(σ2 + pi2)−
ǫ1
σ0
σ (2)
where:
λ21 =
1
2
Bδφ40 + ǫ1
σ20
=
1
4
(m2σ +m
2
pi) (3)
λ22 =
1
2
Bδφ40 =
σ20
4
(m2σ −m2pi). (4)
Here σ is the scalar-isoscalar field, pi is the pseudoscalar-isotriplet meson field, φ is the dilaton field which, in the
present calculation, is kept frozen at its vacuum value φ0 and ψ describes the isodoublet quark fields.
The constants B and φ0 in the potential are fixed by choosing a value for the mass of the glueball and for the vacuum
energy, while δ = 4/33 is given by the QCD beta function and it represents the relative weight of the fermionic and
gluonic degrees of freedom. More details on the construction of this logarithmic potential can be found in the works
of Schechter [40] and of Migdal and Shifman [41].
3The decision to keep the dilaton field frozen is based on the results obtained in [19, 37], where it has been shown
that at low temperatures the dilaton remains close to its vacuum value even at large densities.
The vacuum state is chosen, as usually, at σ0 = fpi and pi = 0. This Lagrangian density, besides being invariant
under chiral symmetry, is also invariant under another fundamental symmetry in QCD, scale invariance, which is
also spontaneously broken, and is implemented above following Refs. [40–42]. In the following calculations we use the
parameters which have served to fit the B=1 systems: gpi = 5, mσ = 550 MeV, mpi = 139 MeV and fpi = 93 MeV.
The self-consistent B = 1 solution in the CDM obtained by adopting the hedgehog ansatz, plays the role of the
skyrmion in Skyrme’s model, i.e., the true baryonic states are obtained from it by quantization. For the Lagrangian
in eq. (1) the hedgehog ansatz is defined by
σB=1(~r) = σh(r) , ~πB=1(~r) = h(r)rˆ ,
ψB=1(r) =
1√
4π
(
u(r)
iσ · rˆv(r)
)
1√
2
(|u ↓〉 − |d ↑〉). (5)
The field equations for the Dirac components become,
du
dr
= gpihu+ (−ǫ− gpiσh) v , (6)
dv
dr
= −2
r
v − gpihv + (ǫ − gpiσh)u , (7)
where ǫ is the eigenvalue for the quark spinor ψB=1.
For the chiral fields, the equations become,
d2σh
dr2
= −2
r
dσh
dr
+
3gpi
4π
(u2 − v2) + ∂V
∂σh
(8)
d2h
dr2
= −2
r
dh
dr
+
2
r2
h+
3gpi
2π
uv +
∂V
∂h
. (9)
The solution has been obtained by imposing the following boundary conditions at r = 0,
u′(0) = v(0) = 0,
σ′h(0) = h(0) = 0, (10)
and at infinity,
σh(∞) = fpi, h(∞) = 0,
v(∞)
u(∞) =
√
−gfpi + ǫ
−gfpi − ǫ (11)
where ǫ is the quark eigenvalue. We show in Fig. 1 the fields for the hedgehog configuration for the parameters
mentioned before. The σ field acts as an approximate order parameter defining a bag like structure. The quark fields
are only sizeable inside this bag of radius 0.5 fm. The pion field has a solitonic behaviour from 0.5 fm on which
resembles the structure of the skyrmion at large distances.
The energy of this “soliton” like solution is given by,
EB=1 = 4π
∫
r2dr(Eint(r) + Ekin,Q(r) + Eσ(r) + Epi(r) + Epot(r)) (12)
where the quark-mesons interaction and the quark kinetic energies are determined by,
Eint(r) =
3
4π
[
gpiσh(u
2 − v2) + 2gpihuv
]
(13)
Ekin,Q(r) =
3
4π
(
u
dv
dr
− v du
dr
+
2
r
uv
)
(14)
and the energy density of the meson fields and of the potential read,
Eσ(r) =
1
2
(
−dσh
dr
)2
(15)
Epi(r) =
[(
dh
dr
)2
+
2
r2
h2
]
(16)
Epot(r) = V (σh, h) (17)
4Figure 1. We plot the fields in the hedgehog configuration for the given parameters (results taken from [20]). Dirac fields u(r)
and v(r) are in fm−3/2, while the sigma and the pi mesons are expressed in fm−1. The σ field defines a bag like structure and
the quarks fields are relevant only inside.The solitonic behaviour of the pion field for large distances, despite the fact that the
theory has trivial topology, is apparent.
In Table I we show all the contributions to the total energy of the soliton, coming from mesons and quarks, for the
set of parameters: mσ = 550 MeV, mpi = 139 MeV and g = 5.
Table I. Contributions to the soliton total energy at mean-field level. All quantities are in MeV (results taken from [20]).
Quantity Our Model
Quark eigenvalue 83.1
Quark kinetic energy 1138.0
Eσ (mass+kin.) 334.5
Epi (mass+kin.) 486.0
Potential energy σ − π 105.7
Eqσ −101.4
Eqpi −787.0
Total energy 1175.6
We note that, as it happens with the skyrmion, for physical parameters the mass of this state is between the nucleon
and the Delta states. Quantization will lead to the approximate right masses.
III. THE SOLITON-SOLITON INTERACTION
The first step in order to understand dense matter in this model is to study the soliton-soliton interaction as a
function of the distance between solitons. To do so we start by constructing a product ansatz solution valid for large
distances. A similar calculation has been carried out in the Skyrme model [9] and we will compare both to see the
effect of the fermionic degrees of freedom in this description.
The hedgehog configuration of the fields in eqs.(5) also contains isospin degrees of freedom and in principle different
configurations of solitons in the isospin space can lead to lower energy states in the lattice. We focus on the study
of the interaction of the two solitons by changing the relative orientation of the hedgehog quills in the regime of long
distances, through the use of the product ansatz. This approach permits to describe the soliton-soliton interaction in
5the range of long/intermediate distances, namely while the two B = 1 solitons do not strongly overlap.
Assume we have two solitons, each a B = 1 hedgehog solution, whose centers are at r1 and r2. For simplicity we
place the centers of the two hedgehogs symmetrically along the zˆ axis at a distance d, hence the explicit expressions
for the centers become:
r1 = (0, 0,−d
2
) (18)
r2 = (0, 0,
d
2
). (19)
We define the displaced meson fields centered in each soliton as following:
σ(r − r1) = σ1 , σ(r − r2) = σ2 ,
pi(r − r1) = pi1 ,pi(r − r2) = pi2 . (20)
In the product ansatz scheme the new meson fields configurations read:(
σB=2(r) + iτ · piB=2(r)
fpi
)
=
(
σ1 + iτ · pi1
fpi
)
A
(
σ2 + iτ · pi2
fpi
)
A† (21)
where fpi is introduced in order to have the proper dimensions and to recover the correct asymptotic behaviour. The
operator A is a SU(2) matrix inserted to take into account the relative orientation in the isospin space of one of the
solitons with respect to the other. More explicitly the meson fields for the B = 2 system are given by:
σB=2(r1, r2) =
1
fpi
[σ1 σ2 + pi1 · pi2]
piB=2(r1, r2) =
1
fpi
[σ1pi2 + σ2pi1 + pi1 × pi2] (22)
In the Skyrme model, taking the product of two B = 1 soliton solutions, is one of the most convenient ways to obtain
the B = 2 intersoliton dynamics [7]. The relevant difference between the CDM and Skyrme model is the presence of
quark degrees of freedom, that also needs to be taken into account in the new fields configuration. At zeroth order,
since the meson background configuration shows a reflection symmetry except for an isospin rotation, the quark fields
can be expressed as a linear combination given by:
ψ±(r) =
1√
2
(ψL(r)± ψR(r)) , (23)
where the left and right spinors read:
ψL(r) = ψ1(r − r1) ,
ψR(r) = Aψ2(r − r2). (24)
Figure 2. The three configurations A, B, and C corresponding to the different orientation in the isospin space.
6In order to study the soliton-soliton interaction as a function of the isospin, we decide to keep one soliton fixed and
rotate the other, namely the one centered in r2. We will consider three different configurations, shown in Fig. 2:
1. Configuration A: A = I, i.e. the two solitons are unrotated (panel A in Fig. 2).
2. Configuration B: A = ei
τz
2
pi = iτz, which corresponds to rotate the second soliton by an angle π about the axis
parallel to the line joining the two centers (panel B in Fig. 2).
3. Configuration C:A = ei
τx
2
pi = iτx, leading to a rotation of 180 degrees around the axis perpendicular to the line
joining the two solitons, in our case the x axis (panel C in Fig. 2).
Figure 3. Contributions to the soliton-soliton interaction energy as a function of the distance d for the configurations A, B and
C. The solid black curve represents the total interaction energy defined in eq. (27).
In the three configurations A, B and C just one pion is rotated, so we can interpret this transformation as a changing
in the isospin orientation of the pion. The quantum numbers of the pion are S = 0, I = 1 and intrinsic parity P = −1,
leading to a grand-spin GP = 1− which admits three different projections G3 = −1, 0, 1. Hence by rotating the pion
field we obtain a linear combination of G3 projections.
The total grand-spin for the B = 2 system is given by the sum of the grand-spin G1 for the soliton placed in r1 and
of G2 for the one centred in r2. Moreover we have to take into account the total parity Ptot of the system. For the
quark state, since all quarks lie in the 0+ state, they possess positive parity. The pion couples to the spinor through
the γ5 matrix, which under parity changes sign, thus the globally parity carried by the pion coupling will again be
positive. This leads to a total parity Ptot equal to +1. The total grand-spin will follow from:
GP11 = G
+
1,quarks +G
+
1,pion = 1
+
=⇒ GPtottot = 0+, 1+, 2+ (25)
GP22 = G
+
2,quarks +G
+
2,pion = 1
+
In particular, from eqs. (22), it can be seen that the product ansatz represents a possible way to write the pion
component of the B = 2 solution as a vector which is associated to the quantum number G = 1. The difference
between the three configurations lies in the different spatial-isospin arrangement of the fields. For instance the only
configuration that keeps unaltered the hedgehog structure when the two solitons are on top of each other is the A
configuration (for which G3,tot = 0). The remaining configurations B and C, due to the rotations, will generate
an orientation of the chiral fields which will give a different correspondence between spatial and isospin degrees of
freedom.
For each isospin configuration (A,B,C) we calculate the energy of the B = 2 soliton using the approximated field
expressions given in (22) and evaluating the expectation value of the Hamiltonian on the new B = 2 state where the
valence quarks fill the levels provided by eq. (23). The energy hence reads:
EB=2 = Eσ,B=2 + Epi,B=2 + Epot,B=2 + EQ,B=2. (26)
7Figure 4. Soliton-soliton interaction energy as a function of the distance d for the three configurations A, B and C.
The soliton-soliton interaction energy as a function of the intersoliton separation d is defined as:
Vint(d) = EB=2 − 2EB=1 (27)
where the energy for the B = 1 system is given by eq.( 12).
In Fig. 3 we show for each configuration the different contributions to the total energy, defined in eq. (26), sub-
tracted by twice the corresponding B = 1 energy. In this way we are able to evaluate the changes in the interaction
energies from the B = 1 case to the B = 2 system in the product ansatz approach.
It can be seen that the differences between the three isospin configurations arise only at short distances. The meson
interaction energies for the σ and the π field always show an attractive behaviour; in particular the configuration A,
where the two solitons end up sitting on the top of each other, is the most attractive for the sigma, while for the
pion the maximum attraction occurs for the configuration C. On the other hand the quark contribution is mostly
Figure 5. Soliton-soliton interaction energy as a function of the distance d for the configuration C. The dotted curve represents
the contribution to the interaction energy of the π field, the dashed curve corresponds to the contribution of the σ field and
the dashed-dotted curve to that of the quarks fields. The full curve represents the total interaction energy.
8repulsive and quite large in all the isospin arrangements. The potential energy evaluated in the B = 2 system does
not change significantly from the one-soliton calculation.
In Fig. 4 we present the total interaction energy for the three configurations. There is no significant difference in
shape between the three cases but the three curves show very different behaviours as d decreases. First of all we notice
that at long/intermediate distances the B = 1 case is recovered, as expected since the two solitons are well localized
and far apart. As the separation reduces the quark Pauli repulsion starts acting and at d . 1 fm all the configurations
show a strong repulsive trend. The A configuration is basically repulsive, showing only a small attraction of a few
MeV around d = 1.5 fm. The B configuration is also fundamentally repulsive except for a small attraction at smaller
distances, d = 1.2 fm. Finally the C configuration is strongly attractive above d = 1.4 fm allowing for a strongly
deformed bound state.
The contribution of the quark fields plays a crucial role at short separation. The large repulsion is due to the fact
that we are forcing the six quarks to stay in a Grand-Spin GP = 0+ and does not allow to get a clear insight in the
short range regime. This is shown explicitly in In Fig. 5 for configuration C. The same quark repulsion mechanism is
operative for configurations A and B. The C configuration, thanks to the π and σ contributions, is the most attractive.
In Fig 6 we compare our result with that of the Skyrme model with vector mesons [9]. From our experience there
in the Skyrme model, we note that the mechanism for the phase transitions strongly depend on the attractive piece
of the interaction. The short range repulsion affects only the details of the process. Therefore, we expect that the
C configuration is the one that will lead to the phase transition as in the Skyrme case [8, 10, 12]. Thus, in order to
describe the behaviour of nuclear matter we should formulate a scheme based on the C interaction configuration.
But before we do so we would like to understand how one can describe the short distance behaviour of the two
body interaction, useful for the description of finite nuclei, in the hedgehog approximation to the CDM.
Figure 6. We compare the CDM soliton-soliton interaction (left) with the skyrmion-skyrmion interaction [9] (right) energy for
the configurations A,B,C in a Skyrme model with vector ω and ~ρ mesons. The repulsion in this latter case is produced by the
vector mesons. The strong attraction in channel C is provided by a combination of the skyrmion and the ω meson.
IV. THE SHORT DISTANCE BEHAVIOUR
The interaction at short distances cannot be described by the product ansatz since one has to take into account
the Pauli effect associated to Fermi statistics. In order to do so we need to include the possibility that quarks move
into excited states, since as the Pauli blocking effect becomes large, quarks will be favoured to populate excited
states. Thus, as the distance between the two solitons reduces, the system would preferably go into the lowest energy
configuration in which the six quarks fill the appropriate quark levels satisfying the Pauli principle. We proceed to
show an analytic calculation in the hedgehog approximation of the CDM.
At zero separation the B = 2 bound state system is given by the self-consistent solution of the Lagrangian in
eq. (1) with six quarks. The exact solution of this six quarks bag provides the energy of the B = 2 system when
d = 0. Following [30], we solved self-consistently the field equations for the model with six quarks by assuming the
hedgehog ansatz for the fields. The hedgehog structure requires a symmetric occupation of the third components of
9Figure 7. Upper panel: Dirac component profiles for the B = 1 solution (solid line) and the six quarks bag (dashed line). Lower
panel: sigma and pion fields for the one soliton case (solid line) and the six quarks bag (dashed line).
the Grand-Spin G; from this constraint the source terms for the σ and π fields are invariant and the field equations
will differ from the three quarks case just in some multiplying constants. The quarks and mesons field profiles do not
change significantly from the B = 1 case as can be seen in Fig. 7. It should be noticed that the B = 2 configuration
presents an enhanced long range behaviour in the quark and meson field profiles that leads to a wider bag-structure
for the sigma field. Nevertheless, since the scalar density of quarks keeps the same shape as in the B = 1 case, the
sigma field does not undergo a deep modification. Moreover this behaviour is in agreement with the results shown
in [30]. From these considerations, we can anticipate that, in order to preserve the hedgehog configuration, the
matching between the short and the long range interactions will only involve the A configuration of the product
ansatz. The B and C configurations will require more complex B = 2 bound states which are not of hedgehog type.
The C configuration is strongly bound by the intermediate range behaviour of the σ and therefore corresponds most
probably, when quantized, to the deuteron.
Let us proceed with the A configuration. The ground state of the hedgehog solution is given by:
|GP = 0+〉 = |G = G3 = 0, j = 1
2
, l = 0, k = −1〉
where j, l, k are respectively the total angular momentum, the orbital angular momentum and the Dirac quantum
number. Here we can put three quarks since we include the colour quantum number. The next level is the state
|GP = 0−〉 = |G = G3 = 0, j = 12 , l = 1, k = 1〉 and again here we can put the other three quarks. The next state in
energy available is the |GP = 1+〉 which can accept up to nine quarks since G3 = −1, 0, 1. So we have two possibilities
to place six quarks:
i) 0+, 0− with total grand-spin GPtottot = 0
−;
ii) 0+, 1+ with total grand-spin GPtottot = 1
+.
As already shown in [30] the set that provides the lowest energy state is ii), where we place three quarks in 1+ and
the other three quarks in 0+ [43] .
The total energy for the six quarks bag reads:
E = NG=0ǫ0 +NG=1ǫ1 + Eσ + Epi + Epot
= 3(ǫ0 + ǫ1) + Eσ + Epi + Epot (28)
where ǫ0, ǫ1 are respectively the quark eigenvalues for the 0
+ and 1+ states. In Table II we show the results for the
values mσ = 550 MeV and g = 5. we also present the interaction energy Vint = E6quarks − 2EB=1
The next step is to connect the result at d = 0 with the results coming from the product ansatz at large distances.
We showed that the B = 2 system, written through the product ansatz, admits GPtottot = 1
+; in addition the solution
given by the A configuration is the only one that keeps a hedgehog structure. Hence we expect that as d decreases
the system will move from the configuration A in the product ansatz to the state provided by the six quarks bag.
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Table II. Contributions to the total energy. All quantities are in MeV.
Quantity Our Model
ǫ0 −30.6
ǫ1 344.8
Eσ (mass+kin.) 470.6
Epi (mass+kin.) 643.8
Potential energy σ − π 287
Total energy 2344
Total energy B = 1 1175.6
Vint −7.2
In order to obtain the energy of the six quarks bag as a function of the intersoliton separation, we adopt a variational
approach, namely we use the exact solutions for the six quarks problem as initial ansa¨tze and evaluate the total energy
at each value of d. The trial wave functions (following [44]) for the meson fields read:
σ(r, Rc) = −fpi cos
[
π tanh
(
log 3
2Rc
r
)]
, π(r, Rc) = −fpi sin
[
π tanh
(
log 3
2Rc
r
)]
, (29)
where the variational parameter Rc is related to the range of action of the attractive potential of the chiral fields.
The appropriately normalized Dirac components are given by the following expressions:
u(r, RD) =
1√
N(RD)
u0 exp
[
− r
2
R2D
]
, v(r, RD) =
1√
N(RD)
v0r exp
[
− r
2
R2D
]
. (30)
The parameter RD is introduced in order to obtain a relation between the radius of the bag, which involves the
presence of the Dirac components defined above, and the inter-soliton distance d:
d = (< r2bag >)
1/2(RD) =
(∫
r4(u2(r, RD) + v
2(r, RD))dr
)1/2
. (31)
The total energy of the bag depends on the variational parameter Rc, RD and on the quark-chiral fields coupling
g and is given by:
E(Rc, RD, g) = Eint(Rc, RD, g) + Ekin.quarks(RD) + Eσ(Rc) + Epi(Rc) + Epot(Rc)
where Eint(Rc, RD, g) represents the quark-meson interaction energy. As already mentioned previously, the interaction
energy for the six quarks bag as a function of the distance is defined as:
Vint,6(d) = E(Rc, d(RD), g)− 2EB=1. (32)
The variational method adopted to calculate Vint,6 consists in fixing g = 5 and varying Rc to minimize the energy
functional in eq.( 32) at each value of RD.
In Fig. 8 we present the interaction energy as a function of the distance d between the two solitons. The behaviour
of the B = 2 system moving from large to small separations, is as follows:
• at distances d & 1.5 fm, the A configuration, as expected, provides a solution which is basically the sum of the
two B = 1 solitons; at large separation the behaviour of the soliton interaction is similar to that obtained in the
Skyrme model since when two solitons are far apart, the interaction between them is mostly mediated by the
chiral fields;
• as d is reduced, the quark repulsion of the product ansatz makes the interaction repulsive until it matches that
of the six quark bag, thereafter the system undergoes a transition from A to the six quarks bag configuration
at roughly dA6 ≈ 1 fm and the system becomes bound.
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Figure 8. Interaction energies as function of the intersoliton distance; here we show the A configuration obtained with the
product ansatz approach (dashed lines) and the results from the six quarks bag for Rc = 1.04 (black solid line)
At intermediate distances, around d ≈ 1.5 fm, the A configuration is lightly attractive by a few MeV, but as d
gets smaller the quark repulsion increases and the interaction energy starts to rise until a crossing between the A
configuration and the solution of the six quarks bag occurs. This takes place for d ∼ 1 fm. For lower values of d the
systems goes into a stable configuration of six quarks with Rc ≈ 1 fm. From then on the B = 1 hedgehogs are captured
to form a quasi bound state leading at zero separation to the local minimum. Thus as the inter-soliton separation
shrinks the system falls into a six quarks bag bound state where the inclusion of excited states for the quarks has
produced an attractive configuration. It should be noted that the optimal value of the variational parameter Rc,
around 1 fm, is compatible with the usual size of a soliton; moreover, since the transition to the six quarks bag occurs
at a value of d compatible with Rc, we notice that the overlapping of chiral fields does not affect strongly the short
range behaviour, which is completely determined by the quark contribution.
V. CONCLUSIONS
We have used a Lagrangian with quark degrees of freedom based on chiral and scale invariance to study the soliton-
soliton interaction with the aim set in nuclear matter studies. We have described how this interaction energy behaves
as a function of the distance d between the two solitons. When the two solitons are far apart we use a product
ansatz solution. This method allows to take into account the isospin degrees of freedom of the fields and permits an
evaluation of the energy of the B = 2 system for different isospin configurations. In the long/intermediate distances
regime, the system admits a strongly attractive configuration (C) corresponding to one soliton rotated π along an
axis orthogonal to the line joining the two centers of the B = 1 hedgehogs. Our experience in skyrmion matter
teaches us that this is the solution which will govern the phase diagram in nuclear matter. It arises due to a strong
attractive interaction associated with the σ and π fields. We expect that this solution will lead to the deuteron after
quantization.The other two configurations are very slightly attractive to allow for bound states at long/intermediate
hedgehog separations.
In the product ansatz calculation, by reducing the inter-soliton distance we are actually forcing six quarks to lie in
the ground state with Grand-Spin GP = 0+. Since this state can accommodate only three quarks as the two solitons
approach each other the three configurations develop a repulsive core associated to the overlap of the B = 1 solutions
and due to the action of the Pauli principle for quarks.
The Skyrme analysis is based only on meson fields and therefore is blind for colour and for elementary fermionic
degrees of freedom. Nevertheless, under the assumption that the confinement-deconfinement phase transition and
chiral symmetry restoration occur very close in the phase diagram, one can imagine beautiful scenarios for the dense
phase of nuclear matter [9, 11, 12]. The mechanism for the phase transition is dominated in these calculations by the
long range tail of the pion (skyrmion) interaction, which is not the na¨ıve Yukawa potential since the pions (skyrmions)
are solitons, therefore collective degrees of freedom. This long range tail is well described by the product ansatz [9, 11].
The ultimate goal of our investigation is to understand the behaviour of the fermionic degrees of freedom, the
quarks, in the phase transition. For this, the present project, to understand the B=2 interaction, is fundamental. The
idea was to have a two phase scenario, i.e. like the little bag for example, with a connection between the fermionic
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degrees of freedom and the mesonic degrees of freedom. However, such a scenario would be geometrically prohibitive.
The CDM is a very nice instrument because it formulates a two phase picture in terms of a continuous field theoretic
description without boundaries. The boundaries are in some sense smooth and generated by the sigma field. Note
that the meson fields here have a very different nature as in Skyrme’s analysis, since the baryon number is only lodged
in the quarks. Thus a half skyrmion phase will arise when the quark fields of the different baryons are delocalized
and this can happen when the sigma field extends between several baryons as can be envisaged from Fig. 5.
We have found a series of very interesting features in comparison with the skyrmion approach. The importance of
the Pauli principle becomes relevant, so much that repulsion arises without the need of vector mesons. The behaviour
of the interaction with isospin is quite similar to that of the skyrme approach. Again the C configuration is the most
attractive one. No wonder, since the attraction is associated to the mesons. It will be precisely this channel where,
after quantization, one expects to find the deuteron, since proton and neutron have different isospin projections.
Moreover this is the channel that has to be used in nuclear matter studies.
In our investigation we have found two approximations which lead to an almost exact solution for the B=2 problem
within the hedgehog ansatz. One approximation is the A configuration which has B = 2 hedgehog structure. The
other we obtain by constructing an exact solution for the six quarks bag at zero separation solving self-consistently
the field equations assuming hedgehog ansa¨tze for the fields. In this way we have found a stable six quarks bag bound
state at d = 0 with a binding energy of ≈ −8 MeV. Starting from these exact field configuration, we have built an
energy functional Vint,6(d) and extended the results to finite values of d in order to reach the intermediate interaction
range ( d ≈ 1 fm) where the product ansatz description still holds. In order to maintain the hedgehog structure of the
fields, used in the six quarks bag approach, the only configuration at large distances which admits hedgehog structure
is the A state, with no relative isospin orientation between the two solitons. We have presented the full description
of the interaction energy as a function of the inter-soliton separation. The B = 2 system, starting at large values of d
in configuration A, increases its energy as the distance shortens and the repulsion of the quarks becomes dominant.
Around d ∼ 1 fm it becomes favourable for the quarks to jump into excited states leading to a six quarks bag which
provides the most stable configuration and finally the two solitons are captured forming a six quark hedgehog state.
We would like to stress the fact that the solution for the B = 2 system presented here cannot represent a deuteron
because we are not starting from a proton and a neutron, but the main components are two unprojected soliton
states. But, as we claim in this work, we expect that the binding configuration C, once projected, would lead to the
deuteron. Nevertheless, this study, still at a hedgehog level, reveals the possible existence of bound states in a certain
isospin configuration. The existence of these bound states in the different configurations, simply underlines the fact
that the purely spherical configuration does not lead to the minimum energy, and the inclusion of isospin degrees of
freedom allows to open new channels with lower energy configurations.
The work presented here can be improved in several ways. The analysis of the B = 2 system, still in this simplified
version, can be extended to include configurations beyond the hedgehog ansatz, which could lead to lower energy state
configurations, as already pointed out in previous works [31]. The study of the B = 2 system and more in general of
a multi-soliton can be performed by building a three dimensional lattice with specific symmetries that leads to lower
energy configurations [45]. Moreover, one could include the dynamics of the dilaton and perhaps also vector mesons
in the calculation in order to perform the study at finite density and temperature, as in Ref. [9, 11, 12].
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